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SUMMARY

This paper describes a procedure for the on-line computation of the harmonics of symmetrical components for
voltages, currents and impedances in working induction machines. The algorithm used to compute these
components is based on the discrete Fourier transform (DFT) of complex sequences. An experimental test-bed
with a 0.12 kW star-connected induction motor has been used to test the procedure. The stability of the numerical
results is verified to show the performance of the proposed method. Copyright # 2005 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In the industrial world, the profits of productivity represent a daily preoccupation for the leaders of

companies. The diagnosis of failures in industrial systems, if it is carried out with effectiveness or if

it makes early detection of degradation possible, represents one of the means to contribute to

improving productivity. Failures causing a partial or total stoppage of equipment can represent

considerable economic losses, even before taking into account the impact on the environment and

danger to people. The renewed interest expressed by the various industrial sectors and the research

world shows that this field develops constantly. In fact, lots of instruments have been tested but, in

the literature, there are insufficient theoretical arguments to justify its operating principle. The fault

classification for induction machines has been presented already in several publications [1–7]. If

interest is concentrated on electrical faults, it has to be related to the stator windings and to the rotor

electrical configurations, considering only the squirrel cage structure that represents more than

99% of the induction machines manufactured in the last ten years. Then, it is interesting to note that

each electrical fault can have on influence on both electrical and mechanical variables that can be

measured around the induction machine itself [1].

Stator faults are usually related to insulation failure and they are generally known as phase-to-phase

or phase-to-neutral faults. The primary causes of stator failure insulation are [2]: high stator core or
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winding temperatures, short-circuit or starting stresses, electrical discharges, leakage in cooling

systems, and contamination due to oil, moisture or dirt. Rotor faults are related to rotor bar and end-

ring breakage. They can be caused by thermal stresses due to thermal overload and imbalance, hot

spots or excessive losses, magnetic stresses caused by electromagnetic forces, unbalanced magnetic

pull, electromagnetic noise and vibration or bearing failure, etc.

The usual method for both stator and rotor fault detection is based on the motor current signature

analysis (MCSA) [3–6]. For this purpose, the information given by stator current sensors is necessary

to analyse the machine behaviour. With this approach, the lower and upper twice slip frequency

sidebands around the fundamental frequency given by (1� 2.S1). f1 are used when a rotor asymmetry

occurs. This phenomenon can be explained as the result of a backward rotating field induced by the

rotor fault. These classical frequency sidebands due to the machine space harmonics are not the only

effects due to the broken rotor bars. Other frequencies in the stator current due to the space harmonics

and also to the power supply harmonics are induced. In the literature, these contributions are

insufficiently analysed and explained to improve the decision process on rotor and stator asymmetries

and their respective severities.

Since the electrical machines are part of power system networks, the detection of their electrical

faults are necessarily related to the network faults [7]. In this way, the objective of this paper is to

analyse the behaviour of the induction machine from the point of view of the network that feeds it. It is

a different way to analyse and to detect the electrical fault by discrimination of power supply and

power load independent behaviours. In this way, MCSA is not enough to decide and the voltage

measurement is mandatory. The study of the faults influence on the power network for a safe electrical

machine and the reverse effect is of great importance for instrument design. In fact, a power network is

neither balanced nor free of harmonics and this leads to the fact that modern signal processing

techniques are key points to perform the measurements for fault monitoring. The usage of modern

signal processing techniques in power systems is not new and many papers have been written in this

domain [8–10] contributing to the development of specific digital instruments and permitting the real

shape of the waveforms detected to be taken into account. On the other hand, two new textbooks give

the most interesting algorithms to perform digital signal processing and to implement them on

standard and low-cost hardware [11,12].

Traditionally, the analysis of an induction machine under unbalanced voltage conditions has been

performed using the method of symmetrical components applied to the main signal harmonic.

Information on the symmetrical components can be used to prevent machine damage or the

degradation of the torque-speed machine characteristics. The difficulty of measuring the phase angle

between the system phasors has led to the development of complex algorithms [13–17] limiting the

analysis to the fundamental components of line currents and line-to-line voltages and filtering many

important bits of information as harmonic components.

The description of the computation method for the symmetrical components of an induction

machine based on the discrete Fourier transform (DFT) has been presented already [17–19]. The new

contribution is based on the application of this technique to the computation of all the harmonics

contained in the power source and the load. In this sense, the information given by time harmonics in

the power supply can be used to analyse the power source and the machine asymmetries starting from

current, voltage, impedance symmetrical components and completing the classical observation

obtained by the study of the main harmonic component.

The first part of this paper is related to the theory of the symmetrical components in the presence of

harmonics. The second part describes a spectral digital method for the computation of the harmonics

of symmetrical components for voltages, currents and impedances of the induction motor under test.
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The proposed method is tested experimentally to measure the harmonics of symmetrical components

of a working induction motor for periodic or continuous monitoring. The stability of the results is

tested for a wide interval of voltage source dissymmetry levels and for different load levels. This

method will be used to monitor power quality and to detect electrical faults from the power source and

load with the same measurements.

2. SYMMETRICAL COMPONENTS THEORY

Considering the phasor vectors of line-to-neutral voltages ½VaVbVc�
T

and line currents ½IaIbIc�
T

associated with the same load, the symmetrical components of voltages and currents are defined by

the vectors ½V1V2V0�
T

and ½I1I2I0�T, respectively. The subscripts 1-2-0 refer to the positive,

negative and zero sequence, respectively. In the case of an unbalanced induction machine, each

sequence sees a different impedance from all others without any interaction between them. This

means that the transformation from a-b-c co-ordinates to 1-2-0 co-ordinates decouples the machine

operation completely from the point of view of voltages and currents at the stator side. The

impedances seen are usually noted as Z1, Z2 and Z0 for the positive, negative and zero sequences,

respectively. The behaviour of an induction motor connected to an unbalanced power system can be

analysed by studying its equivalent positive and negative circuits as usually presented in the

literature (Figure 1).

The general expression of the induction machine slip as a function of the rank of time harmonics h is

given by Equation (1):

sh ¼
h!� p�

h!
ð1Þ

where p is the number of pole pairs, � is the rotor speed and ! is the angular frequency of power

supply.

Figure 1. Equivalent circuits for three-phase induction motor: (a) Positive sequence; (b) negative sequence.
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The complex symmetrical components of voltages and currents are related by the following matrix

equation:

V1;h

V2;h

V0;h

2
64

3
75 ¼

Z1;h 0 0

0 Z2;h 0

0 0 Z0;h

2
64

3
75 �

I1;h

I2;h

I0;h

2
64

3
75 ð2Þ

Industrial power distribution systems with non-linear loads usually contain a great number of

harmonic components which are largely produced by the static power converters. In the strictly

balanced six-pulse based converter, only 6j� 1 (with j¼ 0; 1; 2; 3; . . . ) harmonic components are

presented by Fourier analysis. The power source harmonics are principally low-frequency

harmonics such as 1st, 5th, 7th, 11th, 13th, . . .The effect of these harmonics in the induction

machine air-gap is a magnetomotive force that turns at speeds of !, �5!, 7!, �11!, 13!, . . . , for

each harmonic component, respectively. So, the positive components of harmonics 5th, 11th, . . . ,

of both voltage and current can be located in the reverse direction with respect to the positive

component of the 1st harmonic !. The corresponding negative components are then located in

the same direction of the 1st harmonic !. The direct components of harmonics 7th, 13th, . . . , of both

voltage and current can be located in the same direction as for the positive component of the 1st

harmonic ! and the negative one in the reverse direction. Then, the expression of the induction

machine slip given by Equation (1) must be affected by the harmonic rotational sense.

Since induction motors are usually wound either for � or ungrounded Y connection, the zero

sequence currents in the motor are always zero and there is no need for a zero sequence impedance

computation. Positive and negative harmonic sequence impedances can be expressed in the complex

form by:

Z1;h ¼
V1;h

I1;h

ð3Þ

Z2;h ¼
V2;h

I2;h

ð4Þ

with h¼ 1; 5; 7; 11; 13; . . . .

In order to determine the different harmonic components of both voltage and current with non-

sinusoidal conditions, a signal processing has to be carefully designed to match the signal

characteristics with respect to the fundamental harmonic. In the steady-state conditions, it is suspected

that the voltage vðtÞ and the current iðtÞ are periodic over the interval T1 given by the power system

frequency f1 (T1¼ 1/f1). Although not purely sinusoidal, they are assumed to contain a finite number

(M� 1) of harmonics. Then, the sampling period may be chosen as:

Ts ¼
T1

2ðM � 1Þ ð5Þ
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3. DFT FOR HARMONICS OF SYMMETRICAL COMPONENTS COMPUTATION

The DFT can be carried out with either real or complex sequences. The N samples time-domain

signal Xs[n] with the DFT given by S[k] is decomposed into a set of N� 1 cosine waves and N� 1

sine waves with frequencies given by the index k. The magnitudes of the cosine waves are

contained in the real part of the sequence Re{S[k]} while the magnitudes of the sine waves are

contained in the imaginary part Im{S[k]}. Sine and cosine waves can be described as having a

positive frequency or a negative frequency. Since in a real sequence the two views are identical, the

Fourier transform represents negative frequencies with positive values in the same spectrum with

only positive frequencies.

In the complex Fourier transform, both Xs[n] and S[k] are arrays of complex numbers. The complex

Fourier transform includes both positive and negative frequencies which means that k¼ 0; . . . ; N� 1

where N is the total number of samples. The reduced frequencies between 0 and (N/2)� 1 are positive,

while the reduced frequencies between (N/2)þ 1 and N� 1 are negative, where k¼N/2 corresponds

with the Nyquist frequency and k¼ 0 corresponds with the DC component.

With a three-phase set of sampled voltages va[n], vb[n], vc[n] and a three-phase set of sampled

currents ia[n], ib[n], ic[n], each one of the signals is obtained by using digital processing. The

associated sampled complex voltage vector V½n� and current vector I½n� are given by (bold for

vectors):

V½n� ¼ 2

3
va½n� þ vb½n�ej

2
3
� þ vc½n�e�j2

3
�

h i

I½n� ¼ 2

3
ia½n� þ ib½n�ej

2�
3 þ ic½n�e�j2�

3

h i ð6Þ

The constant coefficient 2/3 is chosen to make the vector magnitudes jV½n�j and jI½n�j equal to

the peakvalue of the phase voltage and the line current, respectively, for the symmetrical sinusoidal

case.

In fact, the voltage and current harmonic sequence components can be obtained directly by

applying DFT to complex sequences V½n� and I½n�, respectively (Figure 2). The finite complex

Figure 2. Positive and negative sequence impedances computation using complex DFT.
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sequences Vw½n� and Iw½n�, that are digitally windowed values of V½n� and I½n�, give the following

frequency spectrum:

Vw½k� ¼
1

N

XN�1

k¼0

Vw½n�e�j
2pk
N
n

Iw½k� ¼
1

N

XN�1

k¼0

Iw½n�e�j
2pk
N
n

ð7Þ

with a spectrum frequency resolution given by:

�f ¼ 1

TS N
ð8Þ

Voltage and current positive harmonic sequences V1;1; I1;1; V1;7; I1;7; V1;13; I1;13; . . . . are given by the

corresponding positive frequencies (f1; 7f1; 13f1; . . . .) and the negative ones by the corresponding

negative frequencies (� f1; �7f1; �13f1; . . . .) as follows (Figure 3):

V1;1 ¼ Vw kf1
� �

I1;1 ¼ Iw kf1
� �

V1;7 ¼ Vw 7kf1
� �

I1;7 ¼ Iw 7kf1
� �

V1;13 ¼ Vw 13kf1
� �

I1;13 ¼ Iw 13kf1
� �

..

. ..
.

V2;1 ¼ Vw N � kf1
� �

I2;1 ¼ Iw N � kf1
� �

V2;7 ¼ Vw N � 7kf1
� �

I2;7 ¼ Iw N � 7kf1
� �

V2;13 ¼ Vw N � 13kf1
� �

I2;13 ¼ Iw N � 13kf1
� �

..

. ..
.

ð9Þ

Figure 3. Localization of the harmonics of both positive and negative components of voltages and currents into
the spectrum of (a) V½n�, and (b) I½n�.
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with

kf1 ¼ N

2ðM � 1Þ

Voltage and current positive harmonic sequences V1;5; I1;5; V1;11; I1;11; . . . . are given by the

corresponding negative frequencies (�5f1; �11f1; . . . .) and the negative ones by the corresponding

positive frequencies (5f1; 11f1; . . . .) as follows:

V1;5 ¼ Vw N � 5kf1
� �

I1;5 ¼ Iw N � 5kf1
� �

V1;11 ¼ Vw N � 11kf1
� �

I1;11 ¼ Iw N � 11kf1
� �

..

. ..
.

V2;5 ¼ Vw 5kf1
� �

I2;5 ¼ Iw 5kf1
� �

V2;11 ¼ Vw 11kf1
� �

I2;11 ¼ Iw 11kf1
� �

..

. ..
.

ð10Þ

Then, with the values obtained in Equations (9) and (10), positive and negative harmonic sequence

impedances can be computed using Equations (3) and (4).

The results presented in Figure 3 correspond to a star-connected induction motor. In this case, the

present components associated to rank multiple of 3 are due to the imbalance in the current sensor

transfer ratio and the non-simultaneous sampling of the data acquisition system.

The impedance measurement can be influenced positively by the space harmonics already present in

the induction machine only under certain conditions:

* when a rotor asymmetry is detected
* when the rotor slip is too low (no-load)
* when the frequency resolution is too low

In fact, these conditions do not allow discrimination of the concerned source harmonic and

the nearest frequency component associated to the space harmonic. For a significant rotor slip under

the same conditions of rotor asymmetry, the effect of space harmonics in the stator spectrum is the

presence of slip frequency sidebands around the fundamental and the power source harmonics.

The analysis of Equation (4) for the fundamental harmonic has shown that a healthy induction

machine presents a nearly constant negative impedance for both theoretical and analytical points of

view. However, for different levels of failure applied to the stator windings (inter-turn short-circuits

from 1% to 17% of the total phase winding turns), the evolution of the negative impedance shows a

near-linear reduction in its per unit module starting from the initial value in the healthy conditions. It is

important to mention that the negative impedance is not only related to stator or rotor faults. Even for a

healthy machine, the negative impedance is present for the fundamental and the other harmonics.

Then, the negative impedance harmonics obtained are the base values which have to be taken into

account to reflect the manufacturing imperfections. This is the reason why both the voltage and current

spectrum are computed, the voltage being related to the power source and the current to the electrical

machine. In fact, there is a small interaction between both since the voltage measurement is performed

at the machine terminals and is influenced by the line impedance which is usually unknown.
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4. EXPERIMENTAL RESULTS

4.1. Test-bed description

To test the diagnostic techniques on three-phase induction machines, our lab has designed a number of

platforms. Each platform is equipped with dedicated sensors to analyse different aspects of the

machine operation. The facilities used to perform tests with classical electrical sensors (voltage,

current) are limited to a power of 5 kW.

A 0.12 kW induction machine has been used to implement this method but a more powerful

machine can be used too without loss of generality. In fact, it is well known that the secondary effects

due to the skin effect, iron loss and stator resistance decreases in significance with respect to the

increase of the machine power. The interest in the proposed approach is that the induction machine can

be analysed by its equivalent positive and negative circuits for all power ranges and with per unit (pu)

representation.

A specific experimental set-up has been designed in order to test the algorithm (Figure 4). It is based

on a three-phase voltage source that facilitates the simulation of a set of unbalanced voltages. A

0.12 kW, 50 Hz, 220 V/380 V, 2-pole three-phase induction motor is used, as a machine under test

(MUT), to observe the behaviour of the symmetrical components (voltage, current and impedance)

under the effect of a voltage source dissymmetry. A magnetic brake, which can be controlled by means

of a control unit, has been used to simulate the shaft load.

The induction machine voltages and currents are measured by means of three voltage sensors and

three current sensors connected to the terminals. The six signals are used as inputs of the signal

Figure 4. Configuration of the test-bed.
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conditioning and the data acquisition board integrated into a personal computer (PC). The current

probes are realized with Rogowski coils with a typical frequency bandwidth of 50 kHz. The voltage

sensors are special transformers with large frequency bandwidth of 5 kHz which allows the galvanic

insulation and the observation on the frequency spectrum of the low frequencies associated with the

considered model of induction machine. Sensors with larger frequency bandwidth are not necessary

since they need to be concerned with induction machine models at high frequency with capacitive

effects. The algorithm for the symmetrical components’ evaluation and all the digital operations have

been implemented by using the MATLABTM environment.

4.2. Computation of symmetrical components and their harmonics

The first stage in the experimental study consists of the analysis of the time-domain evolution for the

stator voltages and currents of the induction machine in test with four levels of unbalanced voltage

source that affects only one-phase voltage magnitude with 0%, �5%, �10% and �20% of the rated

phase voltage. This voltage imbalance can be expressed as:

�x½ pu� ¼
vx-rms

vn-rms

� 1 ð11Þ

Thus, each one of the previous cases has been performed with the induction machine operating at

five levels of mechanical load: from 0 to 100% of the rated value, in steps of 25%. For each case, the

stator voltages and currents have been collected within a time period large enough (3.5 s, i.e. 175

periods) to perform averaging. For these cases of power supply imbalance, only the negative

sequences are analysed.

The modulus of the fundamentals negative components (V2;1, I2;1 and Z2;1) of the induction

machine in test and their harmonics (V2;h, I2;h and Z2;h) have been computed by the mean of the

proposed method. Thus, the experimental results to study the component evolution have been analysed

as a function of the induction machine load level and the imbalance level applied to one phase of the

power supply. This analysis has been performed with three-dimensional representation pictures

showing the lines of constant value (height) for the module of the analysed variables.

The effect of voltage source dissymmetry on the negative sequence of voltage and current of both

the first harmonic (Figure 5) and the fifth one (Figure 6) is clearly indicated looking to the evolution of

its magnitude with respect to the power supply dissymmetry level. The equivalent parameters are

given in p.u. with reference to the rated values of both stator voltage and line current. The 3D

representations show clearly that the numerical results are quite stable since the surfaces have no

singularities.

However, Z2;5, V2;5, I2;5 show a small dispersion which corresponds with small numerical values

which are the result of a no-load operation with balanced supply voltages, knowing that in theory the

equivalent circuit of negative sequence is not excited. In this case, it is suspected that both natural

imbalance of the machine windings are superposed with the small imbalance of the power supply

without permitting the two phenomena, to be separated.

It is obvious that the inverse voltage magnitude is directly proportional to the imbalance level as

expected. The coefficient of proportionality is corrupted for high-level load torque without large

difference. For 20% of voltage imbalance, the magnitude of the voltage V2;1 reaches a value around

0.08 p.u.
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The magnitude of the inverse sequence current I2;1 has the same shape compared to the voltage but

the level reached is close to 0.4 p.u. for this induction machine. Then, as expected from the previous

operations, the module of the inverse complex impedance Z2;1 is around 0.2 p.u. except some

differences for low levels of both voltage and current.

Concerning the negative components V2;5, I2;5 and Z2;5 of the fifth harmonic (Figure 6), it is clear that

they have the same general tendency. Comparing these components with those of the first harmonic, they

have less significant values with respect to the level of imbalance. In this case, the machine continues to

develop a negative impedance nearly stable (around 0.53 p.u.). However, negative components of voltage

and current of harmonics 1st and 5th with respect to those of harmonics 7th and 11th show an insensitivity

to the imbalance level and fluctuate in a random way. However, the machine still continues to develop a

nearly constant value of negative impedance (Figure 7).

Figure 5. Inverse sequence fundamental components: (a) Voltage; (b) current; and (c) impedance.
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5. CONCLUSION

A spectral method for on-line computation of the harmonic symmetrical components is used for low-

frequency components of voltages, currents and impedances. This method, based on the DFT

computation of complex sequences, facilitates the extraction of the information given by power

supply harmonics to characterize the induction machine in operation. It can be applied to any three-

phase load without loss of generality.

This technique is useful in terms of power quality evaluation and also when the harmonics effects

are a key point of interest. The proposed method can be used to detect electrical faults in the machine

on the basis of the comparison with respect to the normal operation. The obtained results show the

Figure 6. Inverse sequence components for the fifth harmonic: (a) Voltage; (b) current; and (c) impedance.
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efficiency of the method that can be implemented in a simple hardware with low-cost and low-

frequency voltage and current sensors. The computer hardware is also simple since it is based on a 16-

bit/6 differential analog inputs data acquisition board. Then, the proposed technique opens a new

perspective for low-cost digital instrumentation relative to power systems.

6. LIST OF SYMBOLS

Va, Vb, Vc line-to-neutral voltage phasors

va½n�, vb½n�, vc½n� sampled voltages

V½n� sampled complex voltage vector

V1;h, V2;h, V0;h positive, negative and zero voltage sequence harmonic components

Ia, Ib, Ic line current phasors

ia½n�, ib½n�, ic½n� sampled currents

I½n� sampled complex current vector

I1;h, I2;h, I0;h positive, negative and zero current sequence harmonic components

Z1;h, Z2;h, Z0;h positive, negative and zero impedance sequence harmonic components

Ts sampling period

f1 power system frequency

M number of assumed time harmonics

N total number of samples

Figure 7. Inverse sequence impedance for harmonics: (a) 7; (b) 11.
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�f spectrum frequency resolution

h rank of time harmonics, h¼ 6j� 1 with j¼ 0; 1; 2; 3; . . .
sh motor slip for the h-th harmonic

p number of pole pairs

� rotor speed

! angular frequency of the power supply

�x unbalanced per cent applied to the phase x (a; b; c).

vx-rms effective value of line-to-neutral voltage applied to the phase x.

Vn-rms effective value of line-to-neutral nominal voltage of power supply.
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Head of the Department of Electrical Engineering. From 1981 to 1994, he was Associate
Professor at the University of Dijon and the Mediterranean Institute of Technology,
Marseille, where he was founder and Director of the Modelling and Control Systems
Laboratory. From 1983 to 1985, he was visiting Professor at University of Tunis, Tunisia.
From 1987 to 1989, he was the scientific advisor of Technicatome SA in the field of
electrical drives for nuclear propulsion. In 1994, he joined the University of Picardie ‘Jules
Verne’ as a Full Professor, as Head of the Department of Electrical Engineering from 1995
to 1998 and Director of the Energy Conversion and Intelligent Systems Laboratory from
1995 to 1999. He is currently the Director of Graduate Studies in electrical engineering for
the University of Picardie ‘Jules Verne’.

Professor Capolino’s research interests are electrical machines, power electronics and
electrical drives for which he has introduced new techniques of modelling, control and
simulation. He has developed new courses in power electrical engineering based on
computer assistance. He has published more than 200 papers in scientific journals and
conference proceedings and has co-authored the book Simulation & CAD for Electrical
Machines, Power Electronics and Drives (ERASMUS Program Edition, Brussels, 1991).

Professor Capolino is a Fellow of the IEEE and is currently an Associate Editor of the
IEEE Transactions on Industrial Electronics.

216 T. ASSAF, H. HENAO AND G. A. CAPOLINO

Copyright # 2005 John Wiley & Sons, Ltd. Euro. Trans. Electr. Power 2005; 15:203–216


